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Abstract

The controllability of nonlinear fractional control systems
with state delays is investigated via the Caputo fractional
derivative with respect to a strictly increasing function
$\varphi$. This generalized operator, introduced in [1] and
developed in [2], allows the modeling of memory-
dependent dynamics on non-uniform time scales. Using the
analytical properties of the associated $\varphi$-Mittag—
Leffler functions and their delayed forms, whose stability
has been studied in [3], an integral representation of mild
solutions is established.

The linear delayed system is characterized through a
delayed fractional controllability Gramian in the $\varphi$—
Caputo framework, extending classical delay results [4] to
the fractional setting. Sufficient conditions for the
controllability of the nonlinear system are then derived via
Schauder’s fixed point theorem, following approaches used
for nonlinear fractional delay systems [5]. Numerical
examples illustrate the applicability of the results.
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