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A Hyperbolic Conservation-Law Model for Solidification and Settling: Finite-Volume Simumation,
Shocks/Rarefactions and Validation by Characteristics.
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Abstract

We present a 1D conservation-law model for the evolution of the
solid fraction ps(x,t) € [0,1] (porosity p, =1 — ps), in a closed
vertical column, combining production by solidification and
transport by settling. The model reads [1] :

005 + 0 f (ps) = A.qs(x),  f(ps) = vs(ps) Ps
where g,(x) is a prescribed depth-dependent solidification rate
and A measures the relative importance of advective transport
versus solidification. Settling is described by a Stokes-based,
Richardson—Zaki hindered-settling law [2], leading to v,(p,) =
(1 — py)® and the nonlinear flux f(p,) = ps(1 — ps)° , whose non-
monotonicity leads to shock/rarefaction structures typical of
hyperbolic PDEs [3]. The numerical solution is obtained using an
implicit conservative finite-volume Lax—Friedrichs scheme [4]
solved by Newton—Raphson iterations. Two dedicated
corrections are introduced: one to accurately capture the moving
sedimentation front, and another to eliminate spurious fluxes in
fully solidified cells. The robustness of the proposed approach is
demonstrated through a hierarchical validation strategy. This
strategy ranges from limiting analytical configurations, where
transport and/or solidification mechanisms are selectively
deactivated, to characteristic-based verification. Quantitative
comparisons are performed for purely advective cases, while
qualitative checks guided by characteristic analysis are carried
out for fully coupled configurations [5].
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